Smooth manifold

Definition (Manifold)

A manifold is a topological space M covered by a set of open sets {U,}.
A homeomorphism ¢, : U, — R"” maps U, to the Euclidean space R".
(Uqa, @) is called a coordinate chart of M. The set of all charts

{(Uq, @)} form the atlas of M. Suppose U, N Ug # 0, then

bap = 050 dn" : pa(Ua N Us) = ¢5(Us N Up)

is a transition map.

If all transition maps ¢o3 € C>°(R") are smooth, then the manifold is a
differential manifold or a smooth manifold.




Definition (Tangent Vector)

A tangent vector ¢ at the point p is an association to every coordinate
chart (x!,x2,--- ,x") at p an n-tuple (£1,€2,---,£™) of real numbers,
such that if (§~1,§~2, e ,f”) is associated with another coordinate system
(%1,%2,--- X", then it satisfies the transition rule

§=3 (e

OxJ
J=1

A smooth vector field ¢ assigns a tangent vector for each point of M, it
has local representation

& %)
1,2 .. o0y _ (xl X2 ... xM)—
E(x x5, x™) ;Zlf,(x S X7 X )8x,-'

{%} represents the vector fields of the velocities of iso-parametric curves
on M. They form a basis of all vector fields.







aM—R"
a“:M—R

a (afp) + i)




Q“{roQYM\M‘- on),zchov\ fF‘(DM C b i; < ING
¢‘C—5$ iN} O\e'(:meo( 'o\/

oY 2
?S 2 X 2y -1 +X T+ Y
= X =

(X/b)— (X\/X‘L/ 3) (l X’Iqa’l./ l 7—_(_37- ) Hl X’L

. X b &2
YR = X/ ) = .
61) St S L ’ (l’xs ’ (- Xs)

e A e S . T



oX 2 X~ (4+x=*Y)
2— — _(aji - _ ("27(\9/ \+XZ_‘61/ 2‘3)
2d 29 (+x*+y")
WIS B —L’;/f
NDJ(Q +hal - 37? X (H’X +'az) Amﬂ(c
ving |
<r, 25 = g preerey
29 "~ oY (4 x+Y°)
2 2o -
L%/ 397 °
d 4 (xae,v)




Definition (Push-forward)

Suppose ¢ : M — N is a differential map from M to N, v : (—€,e) - M is
a curve, v(0) = p, v/(0) =v € T,M, then ¢ o~y is a curve on N,
¢ ov(0) = ¢(p), we define the tangent vector

$x(v) = (¢07)(0) € Typ)N,

as the push-forward tangent vector of v induced by ¢.




Integration on surface
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Discrete Gauss-Bonnet Theorem
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